r /¢

ot (M. 56), t €[0.T) with wndf. bowrsleal curvotire
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Lor 7. 45
- (M",;tf;) teloT)
N cO»f/M‘t sl of RF wréf
botol Rre R (§B0) | < oo

iy Somootdh c/axa‘/zr/,u ZC—Plx, 0y =0
- WM Pix,.t7 >0, }0 /0 o J'u—é./oéaf'iﬁn.
2
@ e S R kG
= ﬂrﬂwM conkrol e £eM
7 P(x.t) < eA’ (q/j‘f’m’/”ﬂ) V (xt)

> Pty so  forall x€EM, e[0T

p% Jlis > a d'/ea/o«é Cecre 972 Cor F L,

Corollary 7.43. Let (M™,g(t)), t € [0,T], be a complete solution of the
Ricci flow with uniformly bounded curvature. If u is a weak subsolution of
the heat equation on M™ x [0,T] with u(-,0) <0 and if

T
/0 / P (—adg(o) (z, O)) u? (z,1) gy () dt < 00

for some o > 0, then u <0 on M™ x [0,T].



®
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< (C-A) g— + zvzaﬂys. v(%)
é/(z)
() < 2 V«Zog;é- v(%)

° U:rce f(z /proo/ ,}/Q PO Irnitrn /ﬁnw/a-éz. on cloredd M

Uy : = i—e(/ﬂf) V£>o0
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Clain | i Up(X. ) <o for smed €.

note that

g (z,t) < exp {A1 + (A1 — a) dg(y) (z,) } -

Since A1 —a < 0 and dg) (x,p) > cdg() (z,p) for all z € M and ¢ € [0,T]
(since Rc is uniformly bounded), we have

g (z,t) < e~
for all x € M with dg() (z,p) > 522y and ¢ € [0,T]. Thus (7.35) + (7 36)
. 24,

On the other hand, since u. is continuous and By (p, C—(Z—fjh—)) is compact, On M X r 2 3]
for 7 > 0 sufficiently small, we have

) 24,
(736) Ue < 0 in Bg(O) (p, m) X [0, T] .

This proves the claim.
Cloim 2 i@ tp(X.t) S0 forall xeM, veloT]
/}f /OUL contradiction

7;52'>0 = F ymallest €, onol X, € M €. U =0,

0= Vue (z1,t1) = V (f) (z1,t1),

s
0> Aue (.’131,151) =A (g) (.’El,tl) ,
0< 2 (@, 10) = 2 (g) (z1,t1) — <.

sk bitute  Wto (K) =D SEa ;)

Clatn r+2 =D Cor 7. 45,
° ”&' <o = is o a) E—> o

2
o }é /9 p’—ée, /M\)M lér/ve/é/'bn = ¢>O =2 50

n
0
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Exercise 2.15. Formulate the minimum principle for supersolutions of the
equation

(2.7) u > Agpyu+ (X (t),Vu) + F (u) .

9
ot

Let (M™,g(t)), t € [0,T), be a solution to the Ricci flow on a closed
manifold (or any solution where we can apply the maximum principle to
the evolution equation for the scalar curvature). Since |Rc|® > 1R? (see

Exercise 1.50), equation (2.2) implies

b 2 5 e I 4 a»& G(
(2.8) —~R>AR+ =R

ot n
Since the solutions to the ODE %% = 252 are p(t) = WI—_%’ by the
maximum principle one has

n

(2.9) R(z,t) > n(nfo R 22

for all z € M™ and t > 0. It p(0) > 0, then p(t) tends to infinity in finite
time. When M is closed, let Ry, (0) = inf;—¢ R. Hence

%m >.7) olols /or ﬂon,&oryfaoé W%ﬁ%

Exercise 7.47. Show that if we have a complete solution to the Ricci flow
with bounded curvature (on compact time intervals) on a noncompact man-
ifold, then inequality (2.9), i.e.,

R (,t) > L
n (inf;=o R)™ — 2t

still holds.
M/ﬂr‘m /awd onn geervatiere f/l/w ﬂfaw/A pontrol

ol 2 p n
2l L YR e S e pro)'-at
Y4 af/’%’ MAX [ meesn /anvw///,& Lo - f




Z«»ﬂwa/w(, v %avwe, Ao resutlt %sva. (/;%}—L‘?ZAJO/‘

Lemma 7.48. Let (M™,g(t)),t € [0,T), be a complete solution to the Ricci
flow with bounded curvature and let o be a (p, q)-tensor with

| (x)|g(0) < eAld(@p)+1)
for some A < co. Let EP? = (QPT*M) ® (R?TM) and suppose that
F;: EPY — EPY

s a fiberwise linear bundle map with

|F (B (2))lg(s) c o

serra  |B()]ge)
z€EM

I1Ftlloo =

Then there exists B < oo and a solution a (t), t € [0,T), of

0

i Agpa+ Fy (o)

with a (0) = ag and gy < eBd@p)+1)  This solution is unique among all
solutions with |a| 4y < eCld@P)+1) for some C < .
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/72. write RPT /in «Zac,a/é Co0 roldrztfes
J’ch/am ; ; Ore Lrwo Jolitions

Chleck (5= 4.9, %) 9=

9 L ) e . N
<§ - gﬂvjve> lg — 3I*> < —26P75 37 (Vpgi; — VpGi;)(Vagie — VaGie)

\/Ig 1> + C1A|V(g - 9)|lg — g

< —gP159 54V v — Vp3ii) (Vagie — Vaiie)

+ (97? + (%)j 93P

+ X/ renn /brfnaJ/J&

&/‘J &" e
ﬂé /f&&an\fa_&ﬁ' ex%a.«.w ron

atgw —2R;; + ViW; + V;W; in Q x [0,7],
(Dy) g(z,t) = go(x) on O, x [0,T7,
9(z,0) = go(z) on Q x {0}.

Gu (6 sol. _on 2, x [0 4]  (ohort t7me 3)
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Frop 753 (fééaé estimate for W}”

(M,;th) teloT)

'XJ’JZ ﬂf RPT. Bg.(xa,a’w‘) x [0.T).

F = C(/Z,m,f,z—/T,g’) < oo i

/rjz 1 1
l1—-———13<g(t) < E—
( 256000n10> gsglt)s <1 * 256000n10) s

e |€7'm}\9~ T C In ,Bg(xa,né‘) x [0.T).



